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Let M be a C’ manifold modeled on a Banach space with an inner product. We prove a 
generalized Morse Lemma and the Hopf-Euler Theorem for a so-called ZR vector field v,f‘ for 
M, that is, the Euler characteristic x(M) of M is equal to the Euler characteristic x(Yf) of the 
vector field cl. 
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Introduction 
To find a globalization of Leray-Schauder degree on Banach manifolds, Tromba 
[9] studied the notions of a gradient-like vector field and B-nondegenerate critical 
points for a real valued function which is defined on a Banach manifold. Let M be 
a C’-Banach manifold modeled on a Banach space E, and let f be a C’-real valued 
function defined on M. If there exists a B-nondegenerate critical point off on M, 
then there is an inner product on the model space E. In this paper, we assume that 
M is a C’ manifold modeled on a Banach space with an inner product. In this 
situation we prove a generalized Morse Lemma (Theorem 2.5) and the Hopf-Euler 
Theorem (Theorem 3.1) which has been proved in [9] when all the critical points 
off are B-nondegenerate. 
1. Preliminaries 
Most of the results in this section are well known and, unless otherwise stated, 
can be found in Palais [6] or Tromba [9]. 
Let E, F be Banach spaces and Z’( E, F) denote the linear continuous maps from 
E to F. If E = F we denote Z( E, F) by Z(E). 
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Definition 1.1. Assume T E 3( E, F), we call T linear Fredholm if 
(i) T is double splitting, i.e., both the kernel and the image of T are closed and 
have closed complements as direct summands, 
(ii) the kernel of T is finite dimensional, 
(iii) the image of T has a finite codimension. 
In this case, if p = dim(ker T) and q = codim(Image T), then p - q is the index 
of T, in symbols, index T =p -9. 
Actually (ii) and (iii) imply (i), but most authors assume (i) in order to avoid 
proving it (see [4]). Let 9(E, F) c d;p(E, F) denote the subset of Fredholm maps. 
Definition 1.2. Let 
where V(E) denotes the linear space of compact linear maps on E. 
Clearly, if T E Tc(E) then T is Fredholm of index zero (see [6]). 
Let K?(E) denote the general linear group of E, i.e., the set of invertible linear 
maps in 2(E). 
Definition 1.3. Let %Y~(E)=2~(E)n 92(E). 
Proposition 1.4. Y@‘~(E) is a Lie subgroup of %2(E) which, if E has a Schauder 
basis, then E has the homotopy type of %?9(00) = lim inf %2(n), the direct limit of the 
general linear group of R”. In particular, r,,( %W~( E)) = Z,, the integers mod 2. Thus 
%?2’c(E) has two components, which remains true if E does not have a Schauder basis 
(for details see [2]). 
We denote the component containing the identity in YE?‘(E) by Y%:(E) and the 
other component by Y%;(E). 
Definition 1.5. Let 
$(E)={TE%‘(E):(~T+(~-t)Z)~%2’(E),Vt~[0,1]}, 
let 
B(E)={AE~P(E): A= T+C, TE$(E) and CE Y(E)} 
and let 
%B(E)=%(E)n%?(E). 
It follows at once that _Yc(E) c 92(E), and %2Yc(E) c 92(E). 
Definition 1.6. A @-structure or Fredholm structure M+ modeled in E on a Banach 
manifold M consists of a maximal atlas {(Q;, &)} for M, 4i : Qi + E, such that 
when defined, the derivative 9(q5, 0 4,F’)(X1~ %Yc(E). The structure Mb is said to 
be orientable if there is a subatlas of {(Q,, &)} with 9(+i 0 471)(X, E K%:(E). A 
maximal subatlas will be called an orientation of Mb. 
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Definition 1.7. Let M and N be smooth Banach manifolds. A Cl-map f’ from M 
to N is Fredholm if 9fY : T,M + T,,,,N is linear Fredholm for each x E M. By the 
index off we mean the index of 9JfY. If M is connected the index does not depend 
on x. If M is not connected, we shall assume the index to be the same for all 
components. A Fredholm map of index n will be called a Qfi-map. 
Definition 1.8. A mapf: M + N is a proper map if the inverse image of any compact 
set in N is compact; it is u-proper if M can be written as the countable union of 
closed subsets M = Uj M, with f 1 M, a proper map. A vector field X : M + TM is 
proper if the set of zeros of X forms a compact subset of M, where TM is the 
tangent bundle over M. 
We need the Smale’s infinite dimensional version of Sard’s theorem 
Theorem 1.9 (Smale-Sard [7]). Suppose that f: M + N is a C’, u-proper Fredholm 
map between Banach manifolds where r > max{indf; O}. Then the set % of regular 
values off is a Baire subset of N. If f is proper, then %Y is open and dense. 
Definition 1.10. Suppose that M and N are manifolds with @-structures M, and 
N4 modeled on E. A C’-map f: M + N is called a @(I)-map if 9($i 0 f 0 4,r’)c+cX,, E 
3<(E) for all x E M and charts I,!J,, 4, of M,, Ndr for which it is defined. 
Definition 1.11. Let M and N be manifolds with orientable @-structure M, and 
N4 modeled on E, and let f: M + N be a C’ (r 2 2) proper map. Taking a regular 
value y of f in N we define a local degree deg(f, y) =Crc, I~?.) sgn 9xX, where 
sgn 9fX = *l depending on whether 9($; 0 f 0 4,‘)+,(X, lies in 5%?:(E) or Wz’~(E) 
for orientated charts $,, 4j atf(x), x, respectively. Iff -l(y) is empty, then deg(f; y) = 
0. This degree is a generalized Leray-Schauder degree. 
Theorem 1.12 (Elworthy and Tromba). Let f be C’ (rz 2) with N connected. Then 
deg(f, y) is independent of the choice of the regular value y. 
Definition 1.13. A C’ mapping f: B + E, B a domain in E, is Rothe, if for each 
x E Bc E the Frechkt derivative 9fI is in S.(E). 
Rothe maps are clearly Fredholm of index zero. 
Definition 1.14. A C” (k~ r) vector field X: M + TM on a C’ manifold M is 
Fredholm with respect to a C’-connection K on M, if for each p E M the covariant 
derivative VX( p) : T,M + E,, of X at p is Fredholm. A connection K on a manifold 
M is a bundle map K : T( T( M)) + T(M) over the tangent bundle r: TM + M, 
16 S.-K. Kim, T. Wang / The generalized Morse Lemma 
That is, there is a commutative diagram 





T(M) - M 
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such that K maps the fiber TI( T(M)) linearly into T,,,,M. X is Palais-Smale or 
simple PS with respect to K if for each p E M, VX(p) is an element of 5Gc( TrM). 
X is Rothe if VX(p)E%?(TrM) for each pE M. 
Palais-Smale and Rothe vector fields are Fredholm with index zero. 
Definition 1.15. A C’ vector field X on a Banach manifold M is ZPS whenever 
X(p) = 0, the Frechet derivative X,(p) = 9X(p) : T,M + T,M is in zc( TrM), and 
X is ZR whenever X(p) = 0, X,(p) E %!( TrM). 
Definition 1.16. A zero p of a C’ vector field X (i.e., X(p) = 0) is nondegenerate, 
if X,(p) is an isomorphism. 
It is easy to see that nondegenerate zeros are isolated. 
When a proper ZPS (ZR) vector field has only nondegenerate zeros, one can give 
a simple interpretation of the Euler characteristic. Let p be a nondegenerate zero 
of X. Then for E = T,M, 9X(p) E W?(E). Define 
sgn 9X(p) = 
+1 if 9X(p) E g%+(E), 
-1 if sX(p)E 5??%-(e). 
The Euler characteristic is then given by the formula x(X) = Cx(pJ=O sgn 9X(p). 
We have the following theorem combining some results in [9]. 
Theorem 1.17 (Tromba [9]). Let X: M + TM be a C2 ZR vector field with a finite 
number of isolated zeros in the interior of M. For an arbitrarily small neighborhood 
“%1 of the zeros of X, there exists a proper C2 Rothe field Y with the properties: 
(i) Y has a finite number of isolated nondegenerate zeros, 
(ii) Y equals X outside 021, 
(iii) x(X) =x(Y) and x( Y) is independent of all choices made if%! is suflciently 
small. 
Then we can take this as the definition of the Euler characteristic of X, where X is 
a C2 ZPS (ZR) vector field with a finite number of isolated zeros. 
2. Morse-Gromoll-Meyer Lemma 
Let E be a Banach space with a norm /I .I1 and an inner product (. , .). The inner 
product induces a weak norm on E given by I( u )I M, = m with 11 u ]I w s const . 11 u 11. 
We can complete E in the weak norm obtaining a Hilbert space E, with a natural 
inclusion i : E + E,. By the construction i has a dense range in E,. 
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Suppose that f is a C’ (r 2 2) real valued function defined on a neighborhood 
%! of the origin 0 in E. Let 0 be an isolated critical point off on %, i.e., the FrCchet 
derivative off at 0, dfO = 0. The zero linear functional dfO can be extended to be a 
zero linear functional on E,. For any x E %, the Frechet derivative df” off at x is 
a linear functional on E. We assume that there is a C’-’ differentiable map Of: 021+ E 
such that d&(h) = (Vf(x), h), for all h E E. In this case,f is said to be C’-acceptable 
with respect to the inner product (. , ‘). For any x E E, the correspondence y + 
d’f,(x, y) defines a linear functional on E, where d2f0 is the second FrCchet derivative 
off at 0. It is easy to see that if x E %, then 
d*f,(U, ~)=(9(V,f)~(u), v) forall u, UE E. (2.1) 
Denote 9(V,f)” by A. Since d*S, is a continuous bilinear form, A is a continuous 
linear mapping from E into E. 
Let f be a C’-acceptable real valued function with respect to the inner product, 
which is defined on a neighborhood Ou of the origin of E. We have a simple lemma 
as follows: 
Lemma 2.1. The operator A dejined by (2.1) at x = 0 is self-adjoint, and E has an 
orthogonal decomposition E = E, 0 E,, where E, is the kernel of A, and E, is the 
orthogonal complement of E,. The image of A is included and dense in E, . Furthermore, 
if A is a Fredholm operator with index zero, then E, is exact1.v the image of A. 
Proof. By the symmetry of d*f,, we immediately know that A is self-adjoint and 
E,, is a closed subspace of E. If we denote the orthogonal complement of E,, by E,, 
then E = E, 0 E,. For any x E I (A), the image of A, and y E E,, we can find a u E E 
such that 
Au = x, and (x, y) = (Au, y) = (u, Ay) = (u, 0) = 0. 
This implies Z(A) c E,. Denote the orthogonal complement of the closure of Z(A) 
by E;, and the orthogonal projection from E onto Z(A) by P,, then P,A = A, 
P,AP, = A, and ELI E0 obviously. On the other hand, if y E Eb, write y = y, +J’* E 
E,O E,, then 0 = AP(y) = AP(y, + yz) = A(y,). It follows that y, E E,n E, and yr = 0. 
Therefore, y = y, and y E E,. That is E; c E,. Hence Eh= E,, and Z(A) is dense in 
E,. 
If A is Fredholm, then Z(A) is closed in E, hence from the above Z(A) = cl(Z(A)) = 
E, . This completes the proof. 0 
We can now prove a result which was proved by Gromoll and Meyer for Hilbert 
spaces. 
Let f be a C’-acceptable real valued function with respect to the inner product, 
which is defined on a neighborhood 3 of 0. Suppose 0 is an isolated critical point 
off; and A is a linear Fredholm operator with index zero on E defined by (2.1) at 
x = 0. Let E = E,O E0 be the splitting of E for operator A, where E0 is the kernel 
of A, and E, is the orthogonal complement of E, with respect to the inner product 
(., .). 
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Lemma 2.2. Assume that the Riesz representative theorem holds on E,. Then there 
exist an origin preserving diffeomorphism ly of some neighborhood “Ir of E into E and 
an origin preserving diflerentiable map h defined in some neighborhood of 0 in E, into 
E, such that 
f” W(x,y)=$d2f0(x,x)+f(h(y),y) for(x,y)E(E,OE,)nv. 
Proof. We can take a neighborhood %, of the origin of E, and another neighborhood 
oUO of the origin of E,, such that 021,O ozl,c %1. Define C$ : oU,O Qo+ E,O E0 by 
4(x, y) = (P,(Vf(x, y)), y), w h ere P,: E + E, is the orthogonal projection. We now 
have d(O)=0 since df,=O, and S(P,Vf)I,=P,9(Vf)l,=P,A, where 9 is the 
Frechet derivative taken along the space E. 
Since d*f, is symmetric and 
d2AX.y~(u, v) = (g(Vf(x, y))u, 4 for all u, v E 6 
we know that A is self-adjoint with respect to the inner product (. , .) and P,AP, = A. 
Then 
~&I,“, = (g(P,Vf )&,,o,, ZE,,) = (P,A, I,,) 
is invertible by Lemma 2.1. By using the inverse theorem in Banach spaces, 4 is 
locally invertible in E. Then the equation 4-‘(0, y) = (h(y), y) defines a function 
h : Vo+ E, in a neighborhood W;, of 0 in EO, h(0) = 0. Obviously, 
(0, Y) = 46’(0, Y) = 4(h(y), y) = (P,Vf(h(y), y), y), 
we obtain P,Vf(h(y), y) = 0. That is, (h(y), y) is a critical point off IOu,o(rl, where 
YE vO. Set (x, v) =f(x, y) -f(h(y), u) and 4,(x, Y) = (x+ h(y), Y) for any 
(x, y) E “21,O VO. Then, obviously, 4, is invertible, +l’(x, y) =(x-h(y), y), and 
go ~$,(x,y)=f(x+h(y),y)-f(h(y),y). It is easy to see that go4,(O,y)=O for all 
y E VO, and (0, y) is a critical point of g 0 ~,~~U,oi_~I. 
Then by the Taylor formula we have 
g o 4,(x, Y) = g o &(O, Y)+ DE,& o &)(O, Y)(X) 
+ I ’ (l- tD2,,(g o cbdtx, y)(x, xl dt 0
= ’ (l- t)J&(g O +,)(tx, .v)(x, xl dt. 
Denote 
BxJu, 0) = I ’ Cl- tDZ,,(g o cbJ(tx, y)(u, v) dt 0 
for(x,y)E%,@Y”,,, u,v~E,. 
Then, g 0 4,(x, y) = B,,(x, x). Since BXY is a continuous bilinear form on E, X El, 
there exists a mapping from E, into E, , denoted by A,, such that BXY(u, v) = (A,u, v) 
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for all u, u E E, by the Riesz representative property. Then we have g 0 4,(x, y) = 
(A,?, x). Since A,, = A is invertible on E,, we can pick (x, y), sufficiently small, so 
that A,, is also invertible. Let Q.X,, = (A,)m’Ao,. Then we have QoO = IEl, the identity 
on E,. 
Thus, using the operator calculus, for (x, y) sufficiently close to (0, 0), QX,, has a 
square root S,, which is a power series in Q.XY with (S,,,)’ = Q._.. Now QXY has an 
adjoint Q& with respect to the inner product (. , .) defined by 
Q$ = Aoo . (A,,,)m’ and Qz,, . A,, = A,,= A,, * Qrr. 
Then we have Sz,, . A, = A,, . S,,,. Hence 
S:>, . A,,. . S,, = A,, . &)*=A,. Qxy=&o 
which is equivalent to A, = (S&--’ . A,, . (Sx,)p’. It follows that 
g o 4,(x, Y) = (A+, x) = ((S%Y’ . A,, . (SxJ’x, x) 
= (A,,(Sx,,)Y’x, (SJ’x). 
Let 77(x, y) = ((SXY)-‘x, y). For any fixed y, the correspondence v( ., y): x+ (Sx~v)p’x 
is a homeomorphism on a neighborhood of 0 on E,. Then 
go 4’ 0 Y’(x, Y) = (A,$‘7 0 Y’(x, y), P’v o Y’(x, Y)) = (A,,x, x). 
Hence we have 
fo~lo~~‘(~,~)=(A,,x,x)+f(h(y),y)=(Ax,x)+f(h(y),y) 
=~d*_tio,o~(x, )+f(h(y),y). 
Setting !P = 4’0 n-l, this completes the proof. 0 
Let M be a C’-Finsler manifold (r z 2) modeled on a Banach space E with an 
inner product (. , .), and let f be a C’+’ -real valued function on M. Suppose p is 
an isolated critical point ofJ: We introduce the following definition about the critical 
point. 
Definition 2.3. A critical point p off is called R-critical if 
(i) there is a unique element Vf(q) in T,M such that df,(h) = (Vf(q), h) for 
any q in some neighborhood of p and any h E T,M, 
(ii) Of is differentiable at p and the derivative 9(Vf )P of Vf at p is a Fredholm 
operator with index zero, 
(iii) the Riesz representative theorem holds on E, when E,@ E, is a splitting of 
E for the linear operator 9(Vf )I,,. 
Lemma 2.4. Let M be a C’-Finsler manifold modeled on a Banach space E with an 
inner product (. , . ), and let f be a C’+’ -real valued function on M. Suppose p is 
an isolated R-critical point of J; (Q(p), 4) zs a chart about p such that 4(p) = 0 
and p is a unique critical point off in “u(p). Then f 0 4-I satisjies all assumptions in 
Lemma 2.2. 
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Proof. By a simple calculation we have 
d(f0 +-‘)0 = df, 0 d+,’ = 0, 
d(fO K’),(h) = d&/c,, d+,‘(h) 
= @(K’(x)), d4;‘(h)) 
= ((d$,‘)*(V(K’(x))), h), and 
d2(f0 K’)o(u, v) = d2f,(d&‘(u), d&‘(v)) +df,(d2&‘(u, TV)) 
= d2f,(d&‘(u), d&‘(u)) 
= (A(d&‘(u)), d&‘(u)) 
= ((d&‘)*A(d&‘)u, v). 
Then 0 is an isolated critical point of fo 4-l. fo 4- ’ is C’ acceptable with respect 
to the inner product and the Riesz representative theorem holds on E; _= d&( E,), 
where El is the image of 9(Vf)l,. 0 
Combining Lemma 2.2 and Lemma 2.4, we have the following theorem. The finite 
dimensional version of this theorem was given by Morse and the Hilbert manifold 
version was given by Gromoll and Meyer in [3]. 
Theorem 2.5 (Morse-Gromoll-Meyer). Let M be a C2-Finsler manifold modeled on 
a Banach space E with an inner product (. , .), and let f be a C’-real valued function 
on M. Suppose p is an isolated R-critical point off Then there exist a dtfleomorphism 
T from a neighborhood of 0 in E onto a neighborhood of p, and a real valued map 
f” defined in some neighborhood of 0 in E,,, such that 
f 0 q(x, Y) = ;d2fp(x, x) +f O(y), (2.2) 
where E = El@ E. is a splitting of E for the operator A = 9(Vf )I,, E, = ker A, El is 
the orthogonal complement of E. with respect to the inner product. 
Proof. Let (a(p), 4) be a chart about p such that p is a unique critical point off, 
+(p)=O and 4(%(p))=B,(O). Then by Lemma 2.4, f+-fo4-’ and 0 satisfy all 
conditions as in Lemma 2.2. Therefore Lemma 2.2 implies that there exist an origin 
preserving diffeomorphism !P of some neighborhood of 0 in E, and an origin 
preserving differentiable mapping h defined in some neighborhood of Ek= 
ker((d4;‘)*A(d4,‘)) such that 
f+ o q(x’, Y’) = +d2(f+)oW, x’) +f,(hW), Y’) 
for all (x’, y’) E %{ 0 Y;, where “11; and 7”; are neighborhoods of origins of E: and 
EA. But 
d2(f,)ob’, x’> = d2(f o K’)o(x’, x’) 
= d2f,(d+;‘(x’), d&‘(x’))+df,(d’#$(x’, x’)) 
= d2f,(d&‘(x’), d&‘(x’)) = d2fP(x, x), 
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where x = d4,‘(x’) E E,. And 
Kb(h(Y’), Y’) =fo 6’(h(Y’), Y’) 
=fo 6’(h(d$, o dG’(y’)), d4, o d&‘(Y)). 
Setting y = d+;‘(y’), we have f,(h(y’), y’) =fo K’(h(d&,(y), d@,(y)). If we set 
fO(y) =fo 4P’(h(d&,(y), d4,(y)), then we have the desired formula (2.2). 17 
Remark 1. In [S], Tromba defined that a critical point off on a Banach manifold 
M is said to be B-nondegenerate if there exist a neighborhood 6 of p, and a C’ 
vector field X : B + TM 10 with 
(i) X,(f) = df,(X(q))>O for q E 0, q #p, 
(ii) X(p) = 0 and 9:X,, : T,,M + T,M, the Frechet derivative of X at p, is symmetric 
with respect to the Hessian H,,(f), i.e., 
H,,(f)(9X,(u), U) = H,,(,f)(u, 9X,,(v)) forall U, UE T,M, 
(iii) 9X,, : T,M + T,M is an isomorphism with spectrum ofthe imaginary axis, and 
(iv) H,(f)( 9X,( u), u) > 0, if u f 0. 
If we let (u, u)= H,,(,f)( 9X,( u), u) for all u, u E T,,M, then the conditions (ii) and 
(iv) imply that the bilinear form (. , .) defines an inner product on T,M, which also 
induces an inner product on the model space E as we mentioned in the introduction. 
This inner product induces a weak norm on E obviously. By the above argument, 
we have the following conclusion: let M be a C’-Finsler manifold modeled on a 
Banach space E, and let f’ be a C3-real valued function on M; if there is a 
R-nondegenerate critical point p of ,f on M, then the splitting lemma of Morse- 
Gromoll-Meyer holds for any R-critical point ofi: 
Remark 2. Let M be a C’-Finsler manifold modeled on a Banach space E with an 
inner product (. , .), and letf be a C’-real valued function defined on a neighborhood 
OU of p. Assume that p is a unique R-critical point of ,f with a finite dimensional 
kernel in 02/. If El@ E,, is the splitting of E for the operator A= D(V,f)l,, then it is 
clear that the origin 0 of El is a B-nondegenerate critical point of function id’,fi,(x, x). 
3. Hopf-Euler Theorem 
Let M be a C’-Finsler manifold modeled on a Banach space E with an inner 
product (. , .), and let ,f be a C’-real valued function on M. If p,, pr, . . . , p,, are 
critical points of,f; all of which are R-critical, then for each p, we have proved that 
there exist q, and .fr as in Theorem 2.5 such that fo P,(x, y) =id’f,,(x, x)+fy(y) 
for (x,y)E021{@V[‘, where %! { and ‘Vi, are some neighborhoods of origins of E { 
and E {,, respectively. The function ,j’:’ is defined in a neighborhood of 0 in the finite 
dimensional space E {, which is the kernel of operator A, defined by (2.1) at x = 0 
forfo 4,‘, where bj is a chart of M at p,, and,fT has 0 as an isolated critical point. 
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Essentially, by the Sard’s theorem the linear perturbation function y +fy(y) + (a, y) 
is nondegenerate for almost every a E E &. Denote by BL, Be the open p-balls about 
the origins in E< , and EJ,, respectively, such that f 0 !Pj is defined on BI x BP. 
Consider a smooth function 0:Iw+[w, with 0(t) = 1 for t~p/2, 0(t) =0 for tap, 
and define functions (Y : E [ + R, and B : Ei +Rby o(x) = Wll), and B(y) = e(llyll), 
respectively. We can pick a sufficiently small point aj E EJ,, such that the function 
f;:(X~Y)+fa ~,(x,y)+a(x)P(y)(aj,y) coincides with f 0 Wj outside Bb x BP and 
has only finitely many B-nondegenerate critical points, which are all contained in 
(0) x Bp12. These points correspond to the nondegenerate critical points y{, . . . , y i, 
of the function y +fy(y) + (ai, y), where y{ has index Ai,j (i = 1, . . . , k,, j = 1, . . . , n). 
The critical points of fi are precisely (0, y,) with index A’+&,, where A-’ is the 
index of pj as a critical point of J: 
Assume that VJ, defined by df,(q)(h) = (VA(q), h), is a ZR vector field on a 
neighborhood of pi in M. Since (0, yi) is a B-nondegenerate critical point of $I, 
sgn L%(VJ(O, yi) = (-l)*~.~+*’ by Theorem 1 of Section 5 of [9]. We construct a C3 
function 7 defined on M such that 7 coincides with f outside some disjoint 
neighborhoods of critical points p, , , . . , p,,, and coincides with $ in these neighbor- 
hoods. Then the Euler characteristic x(VJ) of VJ’, is equal to Ci,j sgn B(Vx)(O, y:), 
where Vf is determined by f which is defined on M, and coincides with Vf; on the 
neighborhoods of all critical points pi off: We can pick a, sufficiently small such 
that x(Vf) =,y(Vf) by Theorem 1.17. On the other hand, by the Morse Theory 
generalized by Tromba [8], we have the following equation about the Euler 
characteristic of manifold M:x(M) =c (-l)k dim &(M, 0) =I (-l)kCk, where 
C, is the number of critical points off with index k (see Theorem 11, Section 4 
of Tromba [S]). 
Therefore we finally get the following generalized Hopf-Euler Theorem. 
Theorem 3.1. Let M be a C2-Finsler manifold modeled on a Banach space E with an 
inner product ( ‘, . ), and let f be a C3-real valued function on M. Suppose that f has 
only a finite number of R-critical points p, , . . . , p,, . Furthermore, we assume Vf is a 
ZR vector field on M. Then the Euler characteristic x(M) of M is equal to the Euler 
characteristic x(Vf) of the vector field Vf: That is, x(M) = x(Vf ). 
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